ON THE DISTRIBUTION OF ROOTS OF CERTAIN
DETERMINANTAL EQUATIONS

By P. L. HSU

Trrextension (Fisher, 1938) of Fisher's discriminant analysis to more than two multivarig el
samples has directed attention to the problem of the exact distribution of the roots of 5
certain type of determinantal equation, which are required for various significance tegts §
While Fisher was solving this problem he submitted it to me for its interest in relation 1|
matrix algebra. The purpose of the present paper is to give a complete demonstration of the
analytic solution, including the case in which the number of variates, p, exceeds one of the
sample numbers n,. '
Consider a set of p(n, + ny) random variables

Yir 2g (0= 1,2,...,p;r=1,2, cong b=1,2, 0 ),
following the distribution law

const. exp [— 3
i,5=1

(e + bij)] IT dydz,

Ty Ty
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where Ay = 241 YirYirs bij = tZl 25251
o= =

We shall assume that n, > p, 50 that the matrix 1611 is almost always positively definite, |
Thus the determinantal equation

| @y —0O(a;+ by)| =0

is known to possess exactly p or n; (whichever is smaller) real, not identically vanishing, §
roots, each lying between 0 and 1. Denoting them by 6,, 6,, ..., in the order of descending
magnitude, we shall now establish the simultaneous distribution of these #’s.

TuEOREM 1. The simultaneous distribution of the roots of (2) is given by
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1. Proof of (3), case ny=p.

Instead of the 6;, consider new variables ¢,, where
¢y = 0,1 =0,
o that @y, @y, ..., @, are the roots, in descending order, of the equation

| @g;~¢by; | = 0. R (5)

regard the parent population distribution as

(J@m)yponn exp [ 3 S (ag+by ] Mdydz. e (6)

i=1

!]

»
Oy | @y |02 | by, |H-P—Dexp [—% ¥ (@ byy) ] I[Idadb, ... (7)
D . 1—1
O, = 2-ptntny ﬂf‘l’p(l’—l){ IT I'i(ny—i+ 1) I'§(ng—i+ 1)J .
i=1

In the space of the a,;; and b,; we shall consider only those points for which the following
nditions are sa,’msﬁed.

(i) that the matrix ||by]| is positively definite,

(ii) that equation (5) has no multiple roots.

The remaining points in the space will form a set whose measure is zero. Consider now
bhe transformation

layll= WD, W', |lbyll=Ww, ... (8)
“ Wy Wie Wip

W = fl Wy Wy Wap
[} Wp1 Wpy Wpp

a matrix of real elements, W denotes the transposed matrix of W, and D, is the diagonal
atrix
1 ’

qu - by
6 |

ce the ¢; are all distinct and arranged in fixed order of descending magnitude, it can
ily be shown that the matrix W is uniquely determined by the a;; and by; except only
any entire column of W may change its sign. Hence, if we impose the condition that
e first row of W may assume positive values only, the equations (8) will establish a (1, 1)-
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correspondence between the quantities a,;, b;; and the quantities ¢;, w;;. The domain of
the new variables will accordingly be specified as follows:

N>G; > P> ... >¢, >0,
Oswy<wo (j=1,2,...,p),
—w<wy<w (G=2,..,p;)=12,...,p).

We may now proceed to compute the Jacobian, say 4, of the transformation (8).
We shall establish the formula,

4

It

20 | I [p2P,

011 (¢—¢p),

i=1g=i+1

where P’

for the case p = 3. It is seen that the method of proof will hold good for any p, but owing
to cumbersome notation we restrict ourselves to the particular case.
For p = 3 let us arrange the variables so that

A= 0(@ 11 B13s B13, Bans Gog, Bygs 011, D1, D1g, bog, bog, bg)
0(@1: Pos B3y W1, Wig, Wy, Way, Wy, Wy, Wy, Wy, W)
Then
wh wh, wly 20wy 2¢,w, 2@, wys

Wiy Wy WiaWay WizWay PrWa  PaWay  PaWyy  Prawn; ey,  Pywig

, , ) Lo
Wy Way WipWyy WizWay QrWa  GaWse  Pay, D1y Pty Pstyy

Wor Wiy Wiy 20wy 203wy 205wpy . .
WoiWgy WopWyy WozWay GrWsy  PoWasy  Pawyy  Prwy  Pawg, 963“'23;
w5 Wi Wi . . . . 2¢1wyy 2P51ws, 29!’3”‘"331 ______ (10)
2wy, 2w 2w, . . .
Wy Wag Was W1y Wyg Wy . .
Way Wsg Wss Wiy Wya Uz

¢ y >

2we;  2wgy 20y, . .

Wy Wso Wys Wy Was Wor
2wy, 2wy, PG

Denote by W; the co-factor of w;;. In order to evaluate the determinant A, multiply it
by another determinant, 4,, according to the column-by-column law:

Wi Wi Wi,
W Way AW o Wy 2W s Wy
oW, Wy, W, Wy, AW, Wy, .
W, we, W, 1.
W oy Wy OWpo Wi 2W gy Wiy ) 1 .
Wi Wi Wis . . I .
— ¢, Wi, — s Wi — ¢ Wi . . . 1 . |
- 2(/§1 Wrn W'rzl - 2¢2 VVlz Vst - 2¢3 I/Vm I;Vm 1 N i
- 29ﬁ1 VVn IV31 - 2¢2 I/Vm Ivdz - 2¢3 W713 W733 1 ’ “
~ %) ~ 6y W ~ 6, W3, Lo
- 2¢1 W21 W:n - 2’752 Wraz Hfs:z - 2963 Wza W’as ! ] 1
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The result of this multiplication is the determinant

1 !W"]Z . . . . . . . . . . . ,
“ . | W2 . . . . . . . . .
| | W2 . . . . .
: uf, W Wiy . . . 20, wyy 205Way 2005Wa3 . .
Wo Wy WapWsay WaesWss . . . Prwy  Powgy PsWsy  Pr1Wy PoWyy  P3Was
wh Wi Wi, . . . 2¢ 1wy 205wy 205Wss
M= . . 2, 2wy, 2wy .
Way Wae Was Wy Wia Wis . . .
Way Wsp Ws3 . . . Wiy Wig Wiz
2wy 2w, 2w, .
Wy Wsg Wag Way Wag Was
2w, 2w,y PATIN |

: A, has the value 22T, W;,W;,| W |2 The product determinant can be reduced in order
with the help of Laplace’s theorem, and cancelling out the common factors 22| W |2, we

- get the equation
% Prwyy PoWyg gl?g,wzs . .
| §rwy  Pawss  PatWss GrWay  PaWes  PgiWps

W — 93| |5 . Gywy  Potwse  PsWyg |
Wi Wi Wd= 23| W| w w w e (11)
21 22 23
Way Wse Wss Way Wag Was |
I Wsy Wsg Waz |

Now (11) is an identity of which both sides are polynomials in the ;. Hence the right-hand
side of (11) must be identically divisible by the polynomial W;, Wy, Wys. But the determinant
| W1 is an irreducible polynomial of its elements.* Therefore the other determinant in the
right-hand side of (11) is identically divisible by Wy, Wy, Wis. Further, the quotient is of
degree zero in the w;; because the dividend and the divisor have the same degree. We conclude,
© therefore, that
A=k|Wp5, (12)

where £ is some quantity depending on the ¢; only.

We may determine the value of & from the reduced equation (11). But, keeping the general
case in mind, we should go back to the original expression (10) of A. If we put therein
w, = 1 and w;; = 0 for 14j, we get the value +2?P'. Owing to the identity (12) this is
the value of k. The formula (9) is thus established.

By direct substitution into (6) and multiplication by the Jacobian, we get the joint
distribution of the new variables, ¢, and w,;:

; 3y —p-1)
e |W'W lé('ﬂf%nz"]?){ ﬁ ¢L} U exp l:—% . é (1+¢,) wf?:l [Mdgdw, ...... (13)

i=1 1,j=1
wherein we use | W/W |t = /| I |2 instead of | W | because only the absolute value of | W |
matters.
It remains to integrate with respect to all the w;; to get the required distribution of the b
Instead of the restriction 0 <wy;(i = 1,2, ...,p) we may integrate with respect to all the

* (f. Bocher (1929), p. 176, Theorem 1, also p. 213, Theorem 5 and p. 216, Exercise l

i

b
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w;; from —co to oo, and divide the result by 22. Using Wilks’s method (1932) of evaluating

the moments of the generalized variance we easily obtain

P ‘——w}(nﬁnz)

ismexpl —1 5 (gl [Mdw= o 1T 0+ga] 0 (14)
L, J \mzl j

1,j=1

J W

where C, = 2wutny) griv? ﬁ T 4 my =i+ 1)
=1 I'ip—i+1)

Substituting (14) into (13) and dividing the result by 27 we get the distribution of the by

D )%(nl—p—l) D “—é(nﬁ—o@ »
¢¢,‘ { H1 (1+ gf)i)j .1_11 ey, (15)
because C,C,; = C. ‘

The transformation ;= 0,(1-6,)"1

constitutes the last step for the establishment of (3).

II. Proof of (4), case n, <p.

For this case the previous method of proof cannot be used, for now there is no joint
probability distribution for the set of variables a,;. Starting with the distribution (6)

and writing
Ci = g+ by,

we have, by a straightforward application of Wishart & Bartlett’s distribution, the joint
probability law of the c;; and the y,,:

CV4 l Cij— gy [%(nrz)“l) exp l:—— 3 E C,m:l I dcdy,

i=1

where Cy = 9—k(ny+nyp—tpn, —iplp-1) [

.
(=

-1
Ti(ng—i+ 1)} .

Since || ¢,; || is a positively definite matrix, it can be expressed as a matrix product 77",
where 7" has all its elements real. Writing

Yu Y2 -+ Yy
Y = | Yo Yo Yony ||
| |
ét ypl yﬁ2 v ypnl !
it follows that la;ll= YY"

We now introduce a new set of variables, namely the elements of the matrix

1 DU Ugp e Uy,
U= | Yo U Uy,
Uy Ups Uy,

by mea
| T ;"1 =
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means of the transformation ¥ = TU. The Jacobian of this transformation being
[m == | ¢4 |*™, the joint distribution law of the ¢;; and u,, is

6'4 ] I-UU ' }é’(’nz“ﬁ—l) [ Cif I Hny+ng—p—1) exp [— %f}l 0“] 11 dedu. ... (16)

\oU'—6I|=0. e (17)

herefore from (16) we may integrate with respect to all the c;;. After the integrations
wve been performed, what remains is the distribution law of the u;,:

C | I-UU [0 L du, e (18)
1 .
Lere O = —ien ﬁ Ly +my—2 + 1)

=1 I'3(ny—i+1)

he distribution of the non-vanishing roots of (17) is obtained by the following argument. o
the case where n, > p the distribution of 6, 0,, ..., 0, which would be derived from (17) ‘ o
ad (18), is already known to be given by the formula (3). Now suppose that n, < p. Then, i
s easily shown, the non-vanishing roots of (17) are precisely the roots, all non-vanishing, n

he equation \v'v-6I|=0. (19)

her, it may be seen that (18) is identically the same as it

Cs| I—U'U |itna2=0 T du. cere(20)
w if we write P =m, N =P, Mg=ngEne—p, e (21)
Vi1 Y12 e Yy "
3
V = Vo1 Vg Van, = U,
Up1 Up Vpny’ Jie

en the equation (19) will become

|\VV'—6I|=0, . (22)
d the expression (20) will take the form
Cy| I-VV |po=P-D ] dw, ... (23)
o 0" = ety ﬁ I'iny+ny—2+1) —c,

iz1 I'Hng—1+1)
nce now we have n} > p’ the distribution of the roots of (22), as derived from (23), must
xactly the formula (3), provided that the integers p, 7;, and n, therein are replaced
ectively by p’, n} and nj. If we make such changes in (3) and remember (21), we obtain
formula (4).

he proof of Theorem 1 is now complete.
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Theorem 2. If the $p(p+ 1) variables (0 <j = 1,2,..., p) have such a domain, of existenc,
that the symmetric matriz || 8451l 18 always non-singular, and if they are so distributed thas thejy
Jomnt probability density function depends only on the latent roots, say Ay, A, ..., Ap, @rrange
in the order of descending magnitude, of I8y, v.e. if

df = g(AI) A23 sy Ap) H d'gija

then the joint distribution law of the A; is the following :

—1 v ]
ﬂw<p+1>{ I Iip-i+ )} f[l J_fi (- Aj)} s ) TLAA. . (24)

Proof. Tt is a familiar argument that the general formula (24) will follow if we can fing
a particular example for g for which (24) holds true. This is because the multiplier of 4 in (24)

is entirely independent of the function g itself. The required example is found in the proof
of Theorem 1.

Let us take the case n; > p in the distribution law (18). We have seen that the roots of
(17) follow the distribution (3). Writing
7y
S'Lj == 21 u,ir’ll/j,.,
=

we get, as a consequence of Wishart’s formula, the following distribution for the Sy
06 ] 845 Ii(nl—p—l) l 3’” — 8 [é(nz—p—l) Ods, ... (25)

“where J;; = 1 and &;; = 0 for 7+, and

(. = 7r~tpr—D) fi _r ’%‘7("14“"27”“ n
e ic1 L3 (ny =i+ 1) ¥ (ny—14+1)

Now the probability density function -appearing in (25) depends on the latent roots of
|81l only. It is in fact equal to

’ n 1%(.111—1%1) » p(nz—p‘l) .
Cey TI A, { I (1-4) S (26)

L1 7 i=1 J
On the other hand, the A; follow the distribution (8), with the replacement of ¢ by A. In
other words, the probability density function of the A, is (26) multiplied by the expression
which coincides with the multiplier of g in (24). Thus Theorem 2 is proved.

As an application of Theorem 2 let us take the following example. Suppose that the pn
random variables y,, (i = 1,2, ..., p;r=1,2,...,n) follow the distribution

D
const. exp [— ¥ Y ay 8@] 11 dy,
ij=1

Yy
where S = Z Yo Y
r=1

Let
of the

where
distri
we m

and f
suppe

where

The 1

virtue

In th
formu
form
Thy
famil;
the ce
(1936
Co
I=1




P. L. HSU 257

Let Ay, Ay, ..., in descending order of magnitude, be the not identically vanishing roots

f the equation | 51— Ao | = 0,

&% 8

‘here the o/ are the elements of the reciprocal matrix of | c;;

l. In order to obtain the
istribution of the A, it is obvious that we may set o;; = 1 and o;; = 0 for ¢<j. Hence
ve may regard the parent population distribution as

supposing 7 > p, the following distribution for the s;;:

D D ¥Hn—p—1) D
Oy | 45 K02 exp[—% 3 i | T ds = 07{ il A} exp [~ 5 Ai] 1 ds,
4=1 i=1

i=1
f 2 [P ) -1
ere C, = 2—“51""*7r_'ﬂ’(?3—1)\ I I'f(n—i+ 1)} .
i=1

e probability density function of the ||s;; | being a function of the A; only, we get, by
ue of Theorem 2, the joint distribution of the A; when »n > p:

z—wﬂ%p{ 11 Tn—i+1) Th(p—i+ 1)}—1{ I 1 (,\i—/x,.)}

i=1 i=1j=i+1

» $n—p-1) » P g

x{ i /\i} exp [—;z AL @9)
i=1 i=1 j=1

 the same manner we get the distribution, when n<p, of Ay, A,, ..., A, which is the above
'rinula with the letters p and # interchanged. It can be verified that (28) is the limiting
rm of (15) when we set ¢, = ny ' A; and allow n, to approach infinity.

he connexion of the §’s with the problem of several multivariate normal samples is
niliar through Fisher’s work. We shall proceed to show that the quantities known as
e canonical correlations between two sets of random variables, as introduced by Hotelling
36), are distributed like the square roots of the ¢’s.

onsider a system of p + ¢ random variables, #,, and a sample of size n, z5(i = 1,2, ..., p+q;
1,2,...,n). Write

_ 'l n T _ _ L.
Xy = — E Ly 8y = 2 (x'il'—xi) (xﬂ_—xj)a (1’5.7 = 1: 2: . :29+Q');
M p=1 =1
|
0 8, p+1 e Sipag Sij 84, pt1 o Sipig
Sp+1,5 Sp+ip+l - Spilpte Sp+1,7 Sp+Lp+l o Spilpig
o Spta,i  Sprg pi1 Spta, pte b Sp+ag, i Sptap+i -+ Sprgpta
i , = e AT
| Spai,pta Sp+1, p+q Sp+1, p+1 Sp+1, p+q
|
Sptgq p+1 e Sp-+q, p+a Sptq p41 e Spta, pte

(7:7.[9‘ = 17 29 "'5]9)' ‘
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258 ROOTS OF DETERMINANTAL EQUATIONS
Then the square roots of the not identically vanishing roots of the equation
| aij—O(ag+by) | =0

are Hotelling’s canonical correlations between the two sets of variables (@, 052 ) and

-~ pl anc

(@pats Bpns o or Tpig)-

It is seen that the quantities aj; and b}; are symmetric bi-linear forms (quadratic forms

if ¢ = j) in the variables @y, 2, ..., @, and @y, 2, ..., 2;,, With coefficients depending o

the values of the second set of variables. Tt may be shown* that if a certain orthogong]

transformation, depending on the values of the second set of variables, is applied separately

. Q . , - ¢, . 1-13 s / ’

to each of the systems (v, 2, ...,2;,) for ¢ = 1,2, ..., p, the bi-linear forms @y and b can
be simultaneously transformed into a;; and by, where

7y o

< - . ’
th; = Zlyirg/jr’ by = iu;lé/z', mrtYim+r GJ=1,2,...,p),
— -

and Ny =¢, Ny=n—qg—1.

Assume now that the set of variables (v, z,, .->Z,) 18 normally distributed. and that
the set of variables (2,.1,%,,....,2,,,) is distributed independently of the former set,
but otherwise in any manner whatsoevert (provided that the matrix || Spai, prj . 18 almost
always positively definite). Then the joint distribution law of the Yy (i = 1,2,

r=1,2,...,m +ny) is precisely (1). We have therefore proved the following theorem.

s

TuEOREM 3. Let (1, @;,...,2,) and (2,4, Tpros o5 Tppig) e two mutually independent sets
of variables of which the first set is normally distributed. Let 6,,0,, ... be the squares of the
canonical correlations between the two sets, arranged in the descending order of muagnitude.
T'hen the joint distribution of the 6, is given by

e P » ) ( ? Hg—p-1) { » } H{n—p—q-2)
L I o) | fof ™| 1 a-0) 1 ab,

T
i=1j=1+1 i=1 i=1 =1

if p<q, where Kmﬁ%pﬁ I'§(n—1)
pee i DY) Tp—i+ ) THg—i+1)

11 q < p, the distribution is represented by the above formula with the letters p and q interchanged.
This is a generalization of Hotelling’s result for p = ¢ = 2.

REFERENCES
M. BocuER (1929). Introduction to Higher Algebra. New York.
W. G. Cocurax (1934). “The distribution of quadratic forms in a normal system, with applications to the
analysis of covariance.” Proc. Camb. Phil. Soc. 30, 178-91.
R. A. Fisugr (1938). “The statistical utilization of multiple measurements.” Ann. Eugen., Lond.. 8, 376-586.
H. Horsrrise (1936). “ Relations between two sets of variates.” Biometrika, 28, 321-77.
S. S. Wis (1932). “Certain generalizations in the analysis of variance.”” Biometrika, 24, 471-94, .
J. WisHART & M. S. BARTLETT (1933). “The generalized product moment distribution in a normal system.”
Proc. Camb, Phil. Soc. 29, 260-70.

* E.g. by means of the theorem of Cochran (1934).

T Here we make a generalization of Hotelling’s work as he assumes that both sets of variables are normally
distributed.
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